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In present paper the gravitational effect of spontaneous symmetry breaking vac- 

o 

uum energy density is investigated by subtracting the fiat space-time contribution 



O 



from the energy in the curved space-time. We found that the remain effective energy- 
momentum tensor is too small to cause the acceleration of the universe although it 
satisfies the characteristic of the dark energy. However it could provide a promising 
explanation to the puzzle why the gravitational effect produced by the huge symme- 
try breaking vacuum energy in the electroweak theory has not been observed, since 
it has a sufficient small value (smaller than the observed cosmic energy density by a 

l/-) ' factor 10 32 ). 
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I. INTRODUCTION 



X 



The observational data of Supernovae Type la (SN la) accumulated by the year 1998 



have shown that the present universe is accelerating 



l|, j^J. The source for this late-time 
cosmic acceleration was dubbed "dark energy". Despite many years of research j^], Q], j^], 
, its origin has not been identified yet. Dark energy is distinguished from ordinary 
matter species in the sense that it has a negative pressure j^j]. The simplest candidate for 
dark energy is the so-called cosmological constant A, whose energy density remains constant. 
From the viewpoint of particle physics, the cosmological constant appears as vacuum energy 
density. The cosmological constant problem had been investigated long before the discovery 
of dark energy in 1998. In 1989, Weinberg pointed out that possible candidates for vacuum 
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energy density can be the summing of zero-point energies of all normal modes of fields up to 
a cut-off scale of the momentum, or the vacuum expectation value of the energy density in a 
certain state which has spontaneous symmetry breaking |a|. If we believe general relativity 
up to the Planck scale and take A ~ (87rG) -1 / 2 as the cut-off scale, the zero-point energy 
would give p vac ~ 2 x lQ 71 GeV A . On the other hand, the vacuum expectation value of 
the energy density in electroweak theory would give p vac ~ — g(300GeV) 4 while g is the 
coefficient of the (</>V) 2 term in Higgs Lagrangian. Even for g as small as a 2 with a the 
fine structure constant, it would yield \p vac \ — 10 6 GeV 4 . Hence, two candidates are all 
much larger than the observed value of the total energy density of the present universe: 
p ~ 10 -47 GeV 4 [8[. It is problematic. Furthermore, a nature puzzle would be why the 
gravitational effect produced by such huge vacuum energy density has not been detected. 

Recently, Maggiore proposed a new method to calculate the zero-point fluctuations of 
quantum fields in cosmology js). In the Hamiltonian formulation of the general relativity, 
the energy associated to an asymptotically flat space-time with metric g^ v is related to the 
Hamiltonian Hgr by E = HcRlg^u] — Hgr\t]hv\i where the subtraction of the flat-space 
contribution is necessary to get rid of an otherwise divergent boundary term [h]]. The 
classical result indicates that the energy associated to flat space-time does not gravitate. 
The definition of standard ADM mass is based on such principle. Maggiore applied this 
principle to study the effective zero-point energy, proposing that their contribution to the 
dynamic of the universe is obtained by computing the vacuum energy of quantum fields in 
a FRW space-time and subtracting from it the flat space-time contribution. Although the 
remained energy density after doing cut-off procedure is not compatible with the present 
observations of dark energy, his concept provided a new credible method to calculate the 
vacuum energy density. 

We apply such idea to study the spontaneous symmetry breaking vacuum energy density 
in an electroweak theory in the background of a spatially flat FRW space-time, and explore 
its gravitational effect. After subtracting the energy density in the flat space-time, the 
effective energy-momentum tensor satisfies the characteristic of the dark energy. However, 
we find that the value of such vacuum energy density is much smaller than the observed 
cosmic energy density by a factor 10 32 , therefore it could not be regarded as a candidate for 
dark energy. Nevertheless, this effective vacuum energy density with so small value provides 
a promising interpretation why the gravitational effect of the symmetry breaking vacuum 
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energy have not been detected, since its effect on gravity can be neglect while comparing to 
the observed cosmic energy. 

This paper is organized as follows. The subject of Sec [II] is to calculate the effective 
symmetry breaking vacuum energy density by Maggiore's method. In Sec IIIIl we investigate 
the gravitational effect produced by such vacuum energy density, and try to explain why the 
symmetry breaking vacuum energy has not been observed. Sec IIVI is devoted to discussions 
and conclusions. 

II. SPONTANEOUS SYMMETRY BREAKING VACUUM ENERGY DENSITY 



The WMAP 5-year data constrain that the contribution of the curvature of present 
universe to be only —0.0175 ~ 0.0085 JjJ, while the total contribution which contains 
matter, dark energy and curvature is equal to 1. Hence, for simplicity, we consider only 
the case of a spatially flat FRW space-time. In the preferred coordinate system, the metric 
takes the form 



i2i, m 



ds 2 = dt 2 - a 2 (t)5 ik dx i dx k 



(1) 



It is convenient to introduce the conformal time rj = f instead of the cosmic time t. 
With this new coordinate the metric. ([]]) becomes into 



ds 2 = a 2 ''{rj)ri l j jV dx' J l dx l 



(2) 



and it is obvious that the metric is conformally equivalent to the Minkowski metric 77^. 
Let us consider the effective vacuum energy density with spontaneous symmetry breaking 
in such a space-time. Since we only concentrate the present universe, the electroweak phase 
transition in the early universe will be neglected. 

In the electroweak theory, the Lagrangian density of Higgs scalar fields takes the form of 



i 



C = 2^ <W 



1 

2^ 



A 
4< 



(3) 



with fi 2 < 0, A > 0. Putting the Higgs field into the above conformal flat space-time, the 
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action reads 



S = J d 3 xdri[^a 2 ^'^' - ^a 2 V0 f V0 



- ^ 2 aW-Ja 4 (^) 2 + ^W4 (4) 
where the prime denotes derivatives with respect to the conformal time rj. The condition 



that = jAi for scalar fields has been used. The term b^Rcjrcj) describes the interaction 
between the Higgs field and the gravitational field [if]]. Here b is a positive number, £ is 
the parameter of coupling of Higgs and gravitational fields, and R is the scalar curvature 
of the external gravitational field. In the following calculation, the term ba 4 !;R<f)^<j) w iU De 
absorbed into the mass via fi 2 = fi 2 — 2b!;R, since in the present homogeneous, isotropic 
universe the R = 6(d/a + a 2 /a 2 ) keeps small and almost invariant. Meanwhile 6£ is a small 
coupling coefficient and ensures fi 2 is still negative. 

Introducing auxiliary fields as tp — a(rj)4> and ip^ = a{rj)4>\ we can rewrite the action 
Eq. in terms of ip and as 



S = J d 3 xdr][~ip i 'ip' - ~V(pWip 



- ^AV-^V-^V) 2 ]- (5) 

That is, the action of fields and $ in curved FRW space-time equivalently to the ones of 
ip and tp> in flat Minkowski space-time. Thus, the Lagrangian density of new system can be 
written as 

C = \pW - 5 VV? - ^a 2 - - ^V) 2 , (6) 

and the Hamiltonian density is 

+ l^-^cp+^f. (7) 

The vacuum was defined as an eigenstate of the Hamiltonian with the lowest possible 
energy. In the case under consideration the Hamiltonian depends explicitly on time and thus 
does not possess time-independent eigenvectors. Nevertheless, given a particular moment 
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of time i] we can still define the instantaneous vacuum \0 m ) as the lowest-energy state 
of the Hamiltonian H(r) ). The classical Hamiltonian has an extrema at the moment r) 
if <p> = </ = o, Vy? = V^t = and % = jj£ = 0, with V(<p*,<p) = 



Vo Vo 

\(ji 2 a 2 — ^ W + t(v?V) 2 - For ji 2 < 0, A > 0, the solution of Higgs fields satisfies 

t / \ / \ -fi 2 a{r] ) 2 + a"{r] )/a{r]o) 
^(VoMVo) = ^ • (8) 

Consequently, the vacuum expectation value of the energy density in classical approximation 
is given by 

v , x (-fi 2 a{yo) 2 + a"(77o)/a(77o)) 2 

timiniVo) = ^ • (9) 

Thus the physical vacuum energy regarded as the total minimum energy of the system is 

E vac (r]o) = J d 3 xH min (ri ) 

r (-tf i a"(V0) \2 

= j^v^t- 4 ; te) ], (io) 

which leads to a vacuum energy density 

n (-p 2 + a"(r ]o )/a(r ]o ) 3 ) 2 

Obviously, this conclusion is appropriate for arbitrary moment rj. Since d 3 xdi]y/^g is an 
invariant volume element, it is equivalent to the element d A x^/^g = d 4 x in the Minkowski 
space-time. That is, we only need to compare the vacuum energy density p vac and p' vac while 
comparing the total vacuum energy E vac in the FRW space-time and E' vac in the Minkowski 
space-time. 

Follow Maggiore's viewpoint, the vacuum energy in the flat space-time has no contribution 
to the dynamic of gravitational system, which should be subtracted from the vacuum energy 
density in the FRW space-time. The vacuum energy density in the electroweak theory in 

4 

the Minkowski space-time is p' vac = — j^. Hence, we get the effective vacuum energy density 
in cosmology is 

, 2f(2bZR + a''/a 3 )-(2bZR + a»/a 3 ) 2 

Peff - Pvac ~ P vac ~ ■ 

It illustrates that the effective vacuum energy density p e ff depends on the value of param- 
eters p 2 and A. Since the Higgs particle has not been found yet, these two values remain 



vo 



vo 



vo 



no 



6 



unclear. However, the value of */— ~p?/X which is the vacuum expectation value of the Higgs 
field in the electroweak theory has been obtained as (0) ~ 300GeV |8]. If we assume the 
value of the the term (a" /a 3 ) 2 is very low and neglect it, the value of p e ff could be calculated 
with given a(t). The rationality of such an assumption will be discussed in the next section. 

In particle physics, it is licit to adding a term Vq to the Lagrangian Eq. ([3]) with Vq a 
constant, the physical effect in scattering processes would not be modified. Clearly, the 
contribution of Vq has been canceled in present approach. Hence, the result about the 
effective vacuum energy density is independent on Vq. 



The energy- momentum tensor of scalar fields in curved space-time is 17|, 18] 



T, v = <f>l<f>,„ - g,u{\g pa <P] p <P, a - V(</>\ 0)). (13) 



For the vacuum state, which implies <p' = <p^ = 0, Vip = V<^ = and (p^cp 



-fi 2 a 2 +a"/a 



'/() 



//ii 



'/() 



'A) 



'/ii 



A 



, it is straightforward to obtain the non-vanishing components T- = Tq = p vac and 
T'\ = T'q = p' vac - Subtracting the flat space-time contribution from the energy-momentum 
tensor in curved space-time, we get p e ff = —p e ff- Consequently, the energy-momentum 
tensor of the vacuum with symmetry breaking satisfies the characteristic of the dark energy. 
However, the expression of such energy density Eq. (fl2|) is dependent on time, which could 
not be regarded as the cosmological constant. 

III. GRAVITATIONAL EFFECT 

In this section, we apply such vacuum energy-momentum tensor to the expanding uni- 
verse, and consider its physical effect to the gravitational system. The Einstein equation 
G^u = R^ u — \gn V R = StiGT^ in the spatially flat FRW space-time gives 

H 2 = —p, (14) 
p +3H(p + p) = J (15) 

where H = a/a is the Hubble parameter. The dot represents a derivative with respect to the 
cosmic time t. We ignore the contribution of the radiation, and regard the present universe as 
an ideal fluid which contains the non-relativistic matter (include the dark matter) satisfying 
Pm = and the dark energy satisfying p DE = ojdePde- From the combined analysis of SN 
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la, CMB, and BAO, the WMAP group obtained the bound -1.097 < u DE < -0.858 [11]. 
Hence, We assume u EE = — 1> then Eq. (}Tlj) and Eq. (ITB1) take the form of 



# 2 = -^-(pm + Pde), (16) 
Pa/ +Pde + 3Hp M = 0. (17) 

Remark that the matter and the dark energy do not satisfy the energy-momentum conser- 
vation equation Eq. (1151) respectively. Instead, we only require the summation of them to 
satisfy the total conservation equation Eq. (1171) . In other words, we permit the transfor- 
mation between the matter and the dark energy since particles could be created from the 



vacuum in quantum field theory in curved space-time [19J, [20j. From Eq. (fT6j) and Eq. ([I 

we get 

H = AixGpoE - \h 2 = ^H 2 (n DE - 1), (18) 

where Q,de = Pde/{pde + Pm)- If the expression of pde is given, one can obtain the exact 
solution of H(t) by solving Eq. f fl8|) . On the other hand, we can calculate the present value 
of Hq. The present Hubble parameter is recognized as H = 2.1332/i x lQ~ A2 GeV with 
h = 0.72 ± 0.08 [21 1, and the combined data analysis have provided the following constraint 



for the present density parameter of dark energy which is &de(o) = 0.726 ±0.015 [ll| . Thus, 
we have H = %H 2 (tt DE{0) - 1) = -9.6955 x 10~ 85 GeV 2 . 

We now consider whether p^E could be the symmetry breaking vacuum energy density 
p e ff. From Eq. ( 1121) . we know the energy density p e // is negative. Combining Eq. ( Fl6l) and 
Eq. dUD, we get 

a AnxG 

- = ^— [Pde + Pm + 3pde)- (19) 

(1 O 

If the density of the dark energy p DE is equal to p e //, a is evidently negative and is to 
indicate an decelerate expansion of the present universe. It is of course problematic. As we 
will show, the contribution of p e ff to po E is small enough to be ignored. It is worthy to 
point out that the term (2b£,R + a" /a 3 ) 2 in Eq. (fl2l) is assumed to be sufficiently small and 
to be neglected, to have p e fj = 2m ( ^f A l ~ a — - ■ In fact, using the relation dr] = dt/a{t) and 
R = 6(d/a + a 2 /a 2 ) we get 

^ = £(12* + + (20) 
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We can neglect the term 126£ since is a small coupling coefficient. Substituting H = a/a 
into Eq. fl20|) we obtain 

Pe// = gW + tf). (21) 

Note that p e ff is proportional to H 2 {t) since H = \H 2 (tt DE - 1). Using values ^-p 2 /X ~ 
300GeU, if = 2.1332/i x l(r 42 GeU and F = -9.6955 x l(T 85 GeV 2 , we get p e// ~ -1.69 x 
10~ 79 GeV 4 . It is smaller than the observed cosmic energy density p ~ 10 _47 GeV A4 by a 
factor 10 32 , therefore it could be ignored. Hence, although the symmetry breaking vacuum 
energy may have contribution to the dark energy, such contribution is too small to explain 
the observed value of the dark energy. 

A simple calculation shows that a" /a 3 = 2H 2 + H = 3.7485 x lCT 84 GeU 2 , which is very 
small. It is reasonable to neglect the term (26£i? + a" /a 3 ) 2 while calculating p e ff- Unless, 
the mass of the Higgs particle m = a/— 2/i 2 is m ~ 10~ 42 GeV . It is clearly impossible since 
Higgs particles with so small mass should be found easily. 

On the other hand, despite our result could not be used to solve the dark energy problem, 
the small value of p e ff can be used to explain the puzzle why the symmetry breaking 
vacuum energy has not been observed. If the vacuum energy density in the flat space- 
time has not been subtracted, such energy density with the value \p vac \ — 10 6 GeV 4 (for 
the coupling constant as small as a 2 ), which is larger than the observed cosmic energy 
density p ~ 10~ 47 GeV A by a factor 10 53 , should produce remarkable effect on gravity. The 
gravitational effect of the vacuum energy is sufficient to determine the evolution of the 
universe and the contribution of the observed matter could be neglect. However, if we use 
the new concept which based on the Hamiltonian formulation of the general relativity to 
calculate the symmetry breaking vacuum energy, then the contribution of the vacuum energy 
in the flat space-time has been subtracted, and remain a small value which is smaller than the 
observed cosmic energy density by a factor 10 32 . Obviously, the gravitational contribution 
of the symmetry breaking vacuum energy is difficult to detect. 

There is another way which does not require the subtraction of the flat space-time con- 
tribution to explain such problem. As mentioned above, one can correct the Lagrangian of 
Higgs fields by adding a term Vo- The absolute energy — Vo would have gravitational effect. 
One can ensure the value of Vb by arguing that: the term — Vo cancels the term p vac (or p' vac ) 
and leads the symmetry breaking vacuum energy to be never observed. However, the princi- 
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pie for deciding the absolute value of V is still absent, we know of no reason why V should 
has such value rather than another. Adding a constant term V$ to the electroweak action 
bears a strong resemblance to adding the cosmological constant term to the Einstein-Hilbert 
action. As in the dark energy problem, it is necessary to seek the origin of the constant 
term. Moreover, adding a constant to the Lagrangian of matter fields can be interpreted 
as changing the zero point of the potential term. Hence, if we calculate the vacuum energy 
without the subtraction of the flat space-time contribution, the result depends on the zero 
point of the potential. It means that the gravitational effect will be altered by changing the 
zero point of the potential, therefore violates our intuition. Oppositely, our explanation does 
not depend on the value of Vq since it has been canceled. It does not require an unknown 
principle to determine Vq and does not depend on the selection of the zero point of the 
potential. 



IV. DISCUSSIONS AND CONCLUSIONS 



In this paper, we have investigated the spontaneous symmetry breaking vacuum energy 
density in the electro-weak theory in the spatially flat FRW space-time by a new method 
that subtracting the flat space-time contribution from the energy in the curved space-time. 
As discussed above, such method leads to a remained effective energy density which is 
independent on the selection of the zero point of the potential term in the Lagrangian of 
matter fields, therefore is consistent with our intuition. The effective energy density is too 
small to cause the acceleration of the universe. Therefore, it could not be a promising 
candidate for the dark energy, although it could has the contribution to the dark energy. 

Our result shows that the symmetry breaking vacuum energy density value is proportional 
to H 2 (t). The zero-point energy density calculated by the same principle is also proportional 
to H 2 (t) |9j. Thus, the total vacuum energy density of quantum fields contains the zero-point 
energy and the symmetry breaking energy, which depends on time. Although the value of 
the zero-point energy density can be modified by changing the cut-off scale to gain a suitable 
value of the total vacuum energy density, the time dependence of the total vacuum energy 
is not compatible with present observations of the dark energy. Thus, the vacuum energy 
density calculated by Maggiore's method could not solve the dark energy problem. 
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However, our result is useful to explain the puzzle that the gravitational effect of the 
symmetry breaking vacuum energy has not been observed. There are two problems leads the 
quantum field theory to be in conflict with the general relativity, one is why the gravitational 
effect of the huge zero-point energy density has not been observed, while another one is why 
the gravitational effect of the huge symmetry breaking vacuum energy density has not been 
detected. For the second problem, our result can provide a possible explanation to reconcile 
the electroweak theory with the general relativity. 
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